Abstract. There is no an accepted exact partition function (PF) for the three dimensional (3D) Ising model to our knowledge. Mainly based on the connection between the lattice Green function (LGF) for the simple cubic lattice and that for the honeycomb lattice, we infer an empirical PF for the simple cubic Ising model in the absence of an external magnetic field. This empirical PF is consistent well numerically with the result from high temperature expansions by Guttmann and Enting (1993) . The specific heat from this empirical PF approaches infinity non-logarithmically at the critical temperature Tc.
Introduction
The Ising model is an important statistic mechanical model for simulating the ferromagnetic system. This model consists of a lattice with a binary magnetic polarity (or "spin") assigned to each point. The nearest-neighbor Ising model without an external magnetic field in D-dimensions (D = 1, 2, 3, ...) is defined in terms of the following Hamiltonian (eg., Huang, 1987) ,
K ij s i s j where, i and j are the sites r i and r j of a D-dimensional hyper cubic lattice with N sites, respectively. s i = ±1 are the two possible states of the z-components of spins localized at the lattice sites. K ij denotes the exchange interaction between spins localized at r i and r j , (2) K ij = z if i and j are the nearest neighbors 0 otherwise where z = βǫ = ǫ kT , ǫ the interaction energy, T the temperature, and k Boltzmann constant. Such a model has played a special role in the theory of ferromagnetism and phase transitions which depends on the evaluation of the partition function. For the one dimensional (1D) Ising model with periodic boundary condition, the exact PF, (3) 1 N log Q 1d (0, T ) = log [2 cosh z]
For the two dimensional (2D) Ising model imposed on periodic boundary condition, the exact PF was evaluated by Onsager (1944) as the following, (4) 1 N log Q 2d (0, T ) = log(2 cosh 2z) + 1 2π
where κ = 2 cosh 2z coth 2z However, there is still no an accepted exact solution for the 3D Ising model especially the one which is both elegant and exact like Eq. (3) or (4), although there have been some efforts (eg., Zhang, 2007) . By using the Hubbard-Stratonovich transformation, Wei (2018) presented a simple but exact solution to the PF for the finite-size 3D Ising model. However, this solution looks formidable and unintuitive because it is expressed in a sum of 2 N exponential functions. For a large N , it is impracticable to calculate the PF. The elegant and exact solution could be obtained in the near future because some new (mathematical) approaches have been already developed. For example, Kocharovsky and Kocharovsky (2015) found the consistency equations for the main steps in the analysis of the 3D Ising model, and the authors said that "Towards an exact solution for the three-dimensional Ising model".
In the absence of a practicable exact solution, an empirical PF, which based on reasonable facts and is under some reliable constraints, is a possible way to understand the 3D Ising model. Here we infer such an empirical PF for the Ising model on a simple cubic lattice without an external magnetic field, and investigate its critical temperature and the singularity at this temperature.
The form of the empirical PF for the simple cubic Ising Model
We infer that the empirical PF for the simple cubic Ising Model has the following form,
where f (z) and g(z) are the functions to be inferred. It should be pointed out firstly we call Eq. (5) 
where cosh
b. For 2D Ising model, according to Huang (1987) and Martin (1991),
2.2. Eigenvalues of matrix K in the Ising Hamiltonian.
From Wei (2018), we know the PF for a N -sites Ising model without an external magnetic field is, (8)
Eq. (8) reads that the PF for the Ising model is only dependent on the matrix K in the Ising Hamiltonian in Eq. (1).
When K=A, Eq. (8) is the PF of the 1D Ising model, and A is an N × N matrix (eg., Dixon et al., 2001 ),
with the r-th (r = 1, 2, ..., N ) eigenvalue is (eg., Berlin and Kac, 1952 ),
When K=B, Eq. (8) is the PF of the 2D Ising model, and B is (eg., Dixon et al., 2001 ),
with the (r, s)-th (r = 1, 2, ..., N , s = 1, 2, ..., N ) eigenvalue is (eg., Berlin and Kac, 1952),
When K=C, Eq. (8) is the PF of the 3D Ising model, and C is (eg., Dixon et al., 2001) ,
with the (r, s, t)-th (r = 1, 2, ..., N , s = 1, 2, ..., N ,t = 1, 2, ..., N ) eigenvalue is (eg., Berlin and Kac, 1952 ),
Therefore, it is reasonable to infer from Eq. (8), A, B, C and their eigenvalues that the form of 1 N log Q 3d (0, T ) should be similar to that of 1 N log Q 1d (0, T ) and
3. An empirical PF for the simple cubic Ising model From Eq. (5) it can be found that only f (z) and g(z) should be inferred to get an empirical PF for the simple cubic Ising model. In this section we will infer them through the connection between the lattice Green function (LGF) for the simple cubic lattice and that for the honeycomb lattice.
Guttmann (2010) , one has,
where,
[cos ω 1 +cos ω 2 +cos(ω 1 +ω 2 )]} where P 3 , P honey are the LGF of the simple cubic lattice and honeycomb lattice, respectively.
From Eq. (5) we can deduce the derivative P (z) of
g(z) − (cos ω 1 + cos ω 2 + cos ω 3 ) where "∼" means that we omit some items related to f (z) and g(z).
According to Houtappel (1950) , the PF for the honeycomb lattice Ising model is,
We can derive the derivative P honey of log Q honey to z from Eq. (11),
Combining Eq. (9), Eq. (12) and Eq. (10), we can infer that,
On the other hand, according to Guttmann (2010) , P 3 (z) and P honey (z) can be expanded into series, (15) P honey (z) = n≥0 a n z 3 n where,
From Eq. (15) and Eq. (16) we can infer α may be equal to √ 2, since there is a difference of 2 between their arguments. Hence,
Fig . 1 shows the comparison of the PF vs. temperature calculated from Eq. (17) with that from the high temperature expansion by Guttmann and Enting (1993) . It can be seen that these two PFs are consistent, which can be found clearly in Fig. 2 . The consistence shows that the main properties of the simple cubic Ising model can be well understood by the empirical PF of Eq. (17), at least in the high-temperature region. However, it can be found there is still a little difference between them, especially near the lower temperature end (see clearly in Fig. 2 ). We attribute mainly this to: (1) The errors from numerical integral method adopted to calculate the Eq. (17); (2) The empirical PF itself needs improvement; (3) the series expanded may only hold at high temperatures. In this section, we discuss the critical temperature T c and the singularity of the simple cubic Ising model from Eq. (17) . For convenience, we rewrite Eq. (17) as,
T /K
where "∼" means the analytical Thus the internal energy U is,
where "∼" means the analytical parts, eg., the derivative of 2cosh 3 2z + 3sinh 2 2z + 2/ √ 2 sinh 2z to β, are not taken into account.
The integral of Eq. (19) had been well studied in Joyce's series of articles. For example, in Joyce (1973) , this integral is evaluated as,
where K(k) is the complete elliptic integral of the first kind, and
For the sake of intuitiveness, we adopt the form of series solution for Eq. (19) by Joyce (2001; 2003) , rather than Eq. (20), which reads,
n where A n , B n are constants satisfy some recurrence relations (Joyce, 2001; 2003) . This analytic continuation formula holds in the immediate neighbourhood of the points w = 3.
If we let
And thus specific heat C(0, T ) is,
where "∼" means that we omit the analytical parts, such as ∂A(w) ∂β , and so on. Obviously, the critical temperature T c is such that, Fig. 1 shows the corresponding PF vs. temperature (Empirical PF3) calculated. It can be seen that this PF is less than that from the high temperature expansions by Guttmann and Enting (1993) , which can be found clearly in Fig. 2 .
It can also be found from Eq. (23) that the specific heat approaches infinity as |T −T c | → 0. However, this is different from that in 2D case in which the specific heat approaches infinity logarithmically. Fig. 1 shows the corresponding PF vs. temperature calculated (Empirical PF2) . It can be seen that this PF is greater than that from the high temperature expansion by Guttmann and Enting (1993) , which can be found clearly in Fig. 2 . This shows numerically Eq. (26) could not be the representative of 3D Ising model at least in the high-temperature region, although it looks pretty. 4.3. Future work. As can be seen from the above, there is still a little difference between the empirical PF and that from the high temperature expansion by Guttmann and Enting (1993) , especially near the lower temperature end. This implies that we can improve the empirical PF. A possible way is that we can compare the exact results from the finite-size 3D Ising model, in which the α in the Eq. (14) , or f (z) and g(z) in the Eq. (5) can be determined accurately. For example, an exact PF for the finite-size 3D Ising model can be from Wei (2018) with the improvement of computing power in the future.
Conclusions
It is still a challenge to obtain a practicable and exact PF for the 3D Ising model in a short time.
We analyze: (1) the PF for the 1D and 2D model; (2) the general PF expression for the finite-size Ising model (Wei, 2018) ; (3) the eigenvalues of matrix in the Ising Hamiltonian; (4) the connection between the LGF for the simple cubic lattice and that for the honeycomb lattice. Based on the analysis above, we infer an empirical PF for the simple cubic Ising model in the absence of an external field. This empirical PF is consistent well numerically with the result from high temperature expansion, and the specific heat from this empirical PF approaches infinity non-logarithmically at the critical temperature, but the critical temperature is greater than those from numerical simulations.
It is shown here that a reasonable empirical PF is helpful for understanding the properties of the 3D Ising model although it has no rigorous derivation.
